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We study the brane world motion in non-static bulk by generalizing the second Randall-
Sundrum scenario Explicitly, we take the bulk to be aVaidya-AdSmetric, which describes
the gravitational collapse of a spherically symmetric null dust fluid in Anti-de Sitter
spacetime. We point out that during an inflationary phase on the brane, black holes will
tend to be thermally nucleated in the bulk We analyze the thermodynamical properties
of this brane-world.We point out that during an inflationary phase on the brane, black
holes will tend to be thermally nucleated in the bulk. Thermal equilibrium of the system
is discussed. We calculate the late time behavior of this system, including 1-loop effects.
We argue that at late times a sufficiently large black hole will relax to a point of thermal
equilibrium with the brane-world environment. This result has interesting implications
for early-universe cosmology.
Following is the summary of our earlier paper 1 in which we generalized the
second Randall-Sundrum scenario 2 to have a non-static bulk.
The second Randall-Sundrum model may be understood by looking at the
AdS/CFT 3 duality in the non-gravity decoupled limit. Thus one would expect that
the Hawking-Page type of phase transition 4 should occur in that setting. In partic-
ular, during an inflationary phase on the brane, the brane-world is a de Sitter hyper-
boloid embedded in AdS5, and it will generate an acceleration horizon in the bulk.
This horizon will have a temperature, and so we would expect that inflating brane-
worlds would be unstable to the creation of bulk (five-dimensional) black holes.
This process was discussed by Garriga and Sasaki 5. They studied the ‘thermal in-
stantons’ which correspond to black holes in AdS, and showed that these instantons
describe the thermal nucleation of Schwarzschild-AdS black holes in the presence
of a pre-existing Z2 symmetric inflating brane-world. This could be an evidence
that we should assume that a bulk black hole will be formed during the inflationary
epoch of a brane-world universe. Here we assume the brane-world is like a uniformly
accelerating mirror: A ‘black box’ with perfectly reflecting, accelerating walls. How-
ever, it is well known 6 that a uniformly accelerating mirror in five dimensions (with
acceleration parameter A) emits at late times a thermal flux of radiation at a tem-
perature T ∼ A and a corresponding renormalized energy density 〈Tvv〉 ∼ A5,
where v is the null direction normal to the brane. Among different possibilities, the
most interesting case is the case that TBW > TBH . Clearly, this case is of interest
because it would appear that the black hole might be unstable to some runaway
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process where the mass increases indefinitely. In order to study this case, we allow
the bulk to be non-static, so that radiation emitted by the brane-world will generate
a backreaction and cause the bulk black hole to grow. Since we are interested in the
late time solution, we will only consider ingoing radiation. In 1951, Vaidya 7 wrote
down a metric that represents an imploding (or exploding) null dust fluid with
spherical symmetry in asymptotically flat space. Recently 8, this metric has been
generalized to describe gravitational collapse in spacetimes with a non-vanishing
cosmological constant. Here, we are interested in the metric which describes gravi-
tational collapse in a spacetime which is asymptotically Anti-de Sitter (AdS). This
metric is written using ‘Eddington-Finkelstein’ coordinates, so that it takes the ex-
plicit form ds2 = −f(v, r)dv2 + 2dvdr + r2dΩ23, where f(v, r) = k − 2M(v,r)r2 , and
dΩ23 is the metric on 3 - sphere. The mass function, M(v, r), in AdS5 , in general,
is Λ12r
4 +m(v) − q2(v)r2 , where Λ = −(6/l2) is the bulk cosmological constant, and
m(v) is an arbitrary function of v which will be determined by the energy density
of the radiation in the bulk. q(v) corresponds to the charge of the bulk, if any. The
equations of motion for a domain wall, when the effects of gravity are included, are
given by the Israel junction conditions. These conditions relate the discontinuity
in the extrinsic curvature (KAB) at the wall to the energy momentum (tAB) of
fields which live on the wall: [KAB −KhAB]± = κ2DtAB. (see 9 for a derivation of
this equation). The gravitational coupling constant, κ2D, in arbitrary dimension D
is given by 10 κ2D =
2(D−2)pi
1
2
(D−1)
(D−3)(D/2−3/2)!GD, where GD is the D-dimensional Newton
constant. Here κ25 = 3pi
2G5. Since we are interested in the cosmological aspects of
brane-world evolution, we want the metric induced on the brane-world to assume a
manifestly FRW form: ds2|brane−world = −dτ2 + a2(τ)dΩ23, where τ is the time ex-
perienced by observers who move with the brane-world: dτ =
(
f − 2 da(τ)dv
)1/2
dv,.
We assume that the stress-energy tensor describing the fields which propagate in
the brane-world is given as tAB = diag(−(ρ + ρλ), p − ρλ, p − ρλ, p − ρλ, 0). We
emphasize that ρ and p are the energy density and pressure of the ordinary matter,
respectively, whereas, ρλ is the contribution from the tension of the brane which
is simply a Nambo-Goto term. From the Israel equations we may then derive the
Friedmann equation on the brane:
H2(τ) =
Λeff
3
− k
a2
+
(
8piG4
3
)
ρ
(
pi2G5
)2
ρ2 +
2m(τ, a)
a4
− q
2
a6
, (1)
Henceforth, we shall set q = 0 and k the (spatial) curvature of the brane to unity and
G5 to
√
4G4/3piρλ. Λeff∼−(1/leff)2 is the 4-dimensional cosmological constant on
the brane, which is given in terms of the brane tension ρλ and the bulk cosmological
constant Λ: Λeff ≡ Λ4 =
(
Λ
2 + 4piG4ρλ
)
. Since we are interested in the evolution
of bulk black holes which are as large as the AdS length scale l, we are implicitly
assuming that leff >> l. Thus, we find that a time-dependent mass in the bulk
gives rise to a time-dependent term that scales like radiation. In other words, the
collapse of radiation (to form a black hole) in the bulk gives rise to a component
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of ‘Hot Dark Matter’ on the brane. To understand how this term will affect brane-
world cosmology, we would like to solve for the back-reaction generated by 1-loop
effects in the bulk. We will simply estimate the late-time behavior of the system.
Here, we assume that the only matter in the bulk is radiation which is emitted by
the brane-world as it accelerates away from the bulk black hole. In other words,
we want to see if it is even consistent to ignore the Hawking radiation. Following
8, we may then relate the intensity of the stress-energy tensor in the bulk with
the rate of change in the mass function: A5 ∼ 〈Tvv〉 = 2m˙(τ,a)κ25rh2
f
a˙+
√
a˙2+f
where rh
denotes the horizon radius. The acceleration five-vector for a domain wall moving in
a spherically symmetric background is given as 9: AA = −KττnA. So the equation
for the mass function becomes
2m˙(τ, a)
κ2rh2
∼− 1
f
[
d
da
(√
f + a˙2
)
− 1
2
f˙
f2
(
a˙+
√
f + a˙2
)2]5 (
a˙+
√
a˙2 + f
)
(2)
We now turn to the late time evolution of this equation. Before the black hole
forms, the brane is exponentially expanding. Since we assume the brane doesn’t
fall into the black hole once the hole forms, the brane should still be exponentially
expanding once gravitational collapse begins. Consequently, suppose a ∼ et at late
times. Then it is straightforward to show that m ∼ e−2t, and so it would seem that
the black hole shrinks. In fact, this means that at late times our approximation
always breaks down: At late times we will have to include the effects of Hawking
radiation. Eventually, the black hole will emit a temperature comparable to the
temperature of the brane-world, and the system will equilibrate. From the point of
view of the AdS/CFT duality, this makes sense. Truncating AdS5 with a de Sitter
brane introduces a definite temperature into the system, namely, the temperature
of the ‘mirror’. As long as sufficiently large bulk black holes are allowed, we know
that these holes can be in thermal equilibrium with thermal radiation. The main
shortcoming of this analysis is that we assumed reflecting boundary conditions for
all bulk modes at the brane-world.
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